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In a finite time quantum quench of the Haldane model, the Chern number determining the topol-
ogy of the bulk remains invariant, as long as the dynamics is unitary. Nonetheless, the corresponding
boundary attribute, the edge current, displays interesting dynamics. For the case of sudden and
adiabatic quenches the post quench edge current is solely determined by the initial and the final
Hamiltonians, respectively. However for a finite time (τ) linear quench in a Haldane nano ribbon, we
show that the evolution of the edge current from the sudden to the adiabatic limit is not monotonic
in τ , and has a turning point at a characteristic time scale τ = τc. For small τ , the excited states
lead to a huge unidirectional surge in the edge current of both the edges. On the other hand, in
the limit of large τ , the edge current saturates to its expected equilibrium ground state value. This
competition between the two limits lead to the observed non-monotonic behavior. Interestingly, τc
seems to depend only on the Semenoff mass and the Haldane flux. A similar dynamics for the edge
current is also expected in other systems with topological phases.
I. INTRODUCTION
Subtle topological phenomena such as the imaging of
the edge states in cold atomic quantum Hall systems1,
the direct measurement of the Berry curvature2 and the
Zak phase3 have been demonstrated in cold atomic topo-
logical bands. Beyond these static situations, the dynam-
ical topological properties of systems following a quan-
tum quench have also been experimentally probed4–6.
A quantum quench, forces the initial state prepared
in the quantum many body ground state of the initial
Hamiltonian, to undergo dynamical evolution far from
equilibrium7. Thus quantum quenches offer the promise
of engineering distinct many-body non-equilibrium states
which have no equilibrium counterpart8–13. This has
motivated a plethora of studies of the non-equilibrium
dynamics of both closed and open topological quantum
systems under the application of quantum quenches14–33
and periodic drives34–46.
More recently there has been a significant interest in
the dynamics of the edge current following a quantum
quench in a system taking it either from a topologi-
cal phase to a trivial insulator phase or the vice versa.
Studying the Haldane model a hexagonal lattice47, Ciao
et. al.48, showed that the Chern number of the initial
phase in the translationally invariant Haldane model re-
mains preserved throughout the post quench unitary evo-
lution of the system, irrespective of the topology of the
final Hamiltonian. The invariance of the Chern number
under any unitary dynamics, has also been rigorously es-
tablished by Alessio et. al.49. The invariance of the Chern
number has also been shown for the quantum quench in
the Haldane model with higher order hoppings50,51. The
preservation of the winding number of the many-body
state was also mentioned52,53 in the context of quenches
in interacting topological BCS superfluids. However, the
dynamics of the edge current following quench in these
systems and the fate of the corresponding ‘bulk-boundary
correspondence’ still remains an interesting open ques-
tion. Motivated by this, in this article we study the dy-
namics of the edge current in a finite time linear quench
across the topological phase transition point, by varying
the Semenoff mass in a Haldane nano-ribbon.
Earlier studies on the Haldane model48, and the Hal-
dane model with higher hopping50, showed that follow-
ing a global sudden quench from a topological to non-
topological phase, the edge current relaxes from a finite
value to a post quench value close to zero - which is
the value corresponding to the ground state of the fi-
nal Hamiltonian. In this article we focus on the role of
the finite rate of the quench on the dynamics of the edge
current, by considering a linear finite time quenching of
the Semenoff mass54 in the Haldane nano-ribbon47, tak-
ing it from a topological to trivial phase. Interestingly,
we show that in quenching from non-topological phase to
the topological phase, the edge current evolves in a non-
monotonic way as a function of the quenching rate (τ)
and has a turning point on increasing τ from the sudden
(τ = 0) to the adiabatic (τ →∞) limit.
The paper is organized as follows: The equilibrium
Haldane model in a translationally invariant system in
both the directions is introduced in Sec. II; It also dis-
cusses the equilibrium edge current for the model on a
nano-ribbon geometry, periodically wrappped in the x-
direction and open in the y-direction. This is followed
by a discussion of the impact of a sudden and adiabatic
quench, driving the system from non-topological phase
to topological phase, on the edge current in Sec. III. The
role of a finite time linear quench on the dynamics of the
edge current is described in Sec. IV. Finally we summa-
rize our findings in section V.
II. THE HALDANE MODEL
Our starting point is the Haldane model with broken
spatial inversion and locally broken time reversal sym-
metry, describing the nearest and next nearest hopping
of spin-less electrons on a Hexagonal lattice. The 2D
hexagonal graphene-like lattice composed of the two tri-
angular sub-lattices A and B is shown in Fig. 1(a). The
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FIG. 2. A hexagonal lattice, where nearest neighbor interactions
are shown in bold and next nearest neighbor by the (dashed) blue and
red triangles for the two sublattices � and � . The regions of the BZ
labeled�(�) are regions through which the f ux is φ�(�).
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The ��� (� )s are spinless fermionic operators on sublattice �
(� ), and the ��s are the �th nearest neighbor hopping interaction
strengths. The TRS of this model is broken by the phase factor
φ�� ��φ, originating from the staggered magnetic f eld and
is positive for anticlockwise nearest neighbor hopping (see
Fig. 2).
Fourier transforming into kspace the Hamiltonian becomes
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FIG. 1. (a) Three plaquettes of the hexagonal lattice with
lattice vectors a1 and a2. The blue and red dot represent the
two sub-lattices A and B. (b) The Haldane lattice, with locally
broken time reversal symmetry. The regions marked by a and
b enclose flux in opposite directions, and the arrows on the
next nearest bonds (dashed lines) denote the direction of the
positive phase hopping due to the locally broken time reversal
invariance. (c) The BZ of hexagonal lattice with reciprocal
lattice vector b1 and b2 with K and K
′ representing the two
inequivalent Dirac points, with the color corresponding to the
sub-lattices A and B. (d) The Chern phase diagram of the Hal-
dane model in the on-site energy M (also called the Semenoff
mass) and the staggered phase φ, plane. The white region
is the topologically trivial phase (ν = 0), while the colored
region is the topologically non trivial Chern phase (ν = ±1).
The arrow indicates a quenching scheme of varying M , which
takes the model from the point P (φ = pi/3,M/t2 = 6) in the
non-topological phase to the point Q (φ = pi/3,M/t2 = 0) in
the topological phase.
Hamiltonian of this model is explicitly given by,
H =
∑
〈i,j〉
t1
(
c†iAcjB + h.c
)
+M
∑
i∈A
nˆi −M
∑
i∈B
nˆi
+
∑
〈〈i,j〉〉
t2e
iφij
(
c†iAcjA + c
†
iBcjB + h.c
)
, (1)
where c†i (ci) is the fermionic creation (annihilation) op-
erator at site i satisfying the anti-commutation relation
{c†i , cj} = δij . In Eq. (1), nˆi = c†i ci and A/B denote the
two different sub-lattices. The phase factor φij = ±φ, is
positive for anticlockwise hopping and negative for clock-
wise hopping. It mimics a staggered magnetic field, in-
troduced to break the local time reversal symmetry. Note
that the total net magnetic flux through each hexagonal
plaquette is zero, conserving the global time reversal sym-
metry. This staggered magnetic field, breaking the local
time reversal symmetry is what renders the model topo-
logically non-trivial. On the other hand, the different
(Semenoff) mass terms M (−M) on the two sub-lattices
- A (B) - break the spatial inversion symmetry of the
model.
The real space tight-binding Hamiltonian of Eq. (1),
for a translationally invariant system, i.e., with periodic
boundary condition in both the directions, can also be
expressed in the crystal-momentum space via a Fourier
transform and is given by
H =
(
c†kA c
†
kB
)
h(k)
(
ckA
ckB
)
,
where, h(k) =
3∑
i=0
hi(k)σi . (2)
Here σi (for i = 1, 2, 3) are the three Pauli spin matrices,
and σ0 is the 2 × 2 identity matrix. The components
hi(k) are,
h0(k) = 2t1 cosφ [k cos(k.a1) + cos(k.a2)
+ cos(k.(a1 − a2))] ,
h1(k) = t1[1 + cos(k.a1) + cos(k.a2)],
h2(k) = t1[sin(k.a1) + sin(k.a2)],
h3(k) = M +MH , (3)
MH(k) = 2t2 sinφ[sin(k.a2)− sin(k.a2)
+ sin(k.(a1 − a2))].
Here MH(k) is the staggered field and crystal momen-
tum dependent Haldane mass and a1 =
a
2 (
√
3, 3), a2 =
a
2 (−
√
3, 3) as shown in Fig. 1(a). For M = 0 and φ = 0
the Hamiltonian in Eq. 1 reduces to the second nearest
neighbour tight-binding Hamiltonian of graphene which
has a Dirac like dispersion at six points in the hexagonal
Brillouin zone, with only two of them being inequivalent.
These two inequivalent points are time reversed partners
of each other [see Fig. 1 (b)]. The other Dirac points are
related to these two via reciprocal lattice vectors.
Qualitatively, when the local time reversal symmetry
breaking term (φ) dominates over the inversion symmetry
breaking term (M) in the translationally invariant Hal-
dane model, it is topologically characterized by a bulk
Chern number which takes the value ν = ±1 and zero
otherwise. The Chern phase diagram of the Haldane
model is shown in Fig. 1(d). When the Chern number of
the bulk system is ±1, the boundary of the finite sized
open system hosts charge conducting edge modes, con-
sistent with the bulk-boundary correspondence.
A. Edge Current
To explore the dynamical evolution of the edge cur-
rent following a quench, we consider the edge states of
the Haldane model which is periodic (and thus trans-
lationally invariant) in the x−direction, and has finite
width N along the y−direction with an armchair edge.
The schematic for the same is depicted in Fig. 2. Us-
ing the conserved crystal momentum along the periodic
x−direction, while retaining the real space description in
31
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FIG. 2. The Haldane model on a nano-ribbon, which is pe-
riodic along the armchair edge (x direction), and finite along
the zigzag direction (y direction). The nano-ribbon is N cells
wide and each unit cell is labeled by two indices m and n, and
has two lattice sites (A or B). The phase of the complex hop-
ping t2 is negative (positive) for hopping in a (anti) clockwise
sense between next-nearest neighbours.
the y−direction, we obtain the following Hamiltonian
H =
L∑
m,n=1
n+1∑
m′,n′=n−1
∑
s=A,B
eikxxmnsc†kxns ×{
Msckxns + t1ckxn′s¯e
−ikxxm′n′s¯
+t2e
iφmm′nn′ ckxn′se
−ikxxm′n′s
}
, (4)
where s¯ 6= s, and Ms = +M (−M) for s = A (s = B).
The energy spectrum of this semi-open model for both
the topological and the trivial phase is shown in Fig. 3.
To clearly exhibit a correspondence between the bulk
Chern number (in a periodically wrapped system along
both the directions) and the number of mid gap band
crossings in the semi-open system, we choose two differ-
ent sets of parameter values corresponding to the two
different phases in the phase diagram in Fig. 1(d) with
ν = 0 and − 1. In the non-topological phase, i.e., for
ν = 0 there are no band crossings in the spectrum [see
Fig. 3(a)], indicating the absence of conducting edge
states. On the other hand when we are in the topo-
logically non-trivial phase with Chern number ν = −1,
the spectrum in Fig. 3(b) clearly shows a mid-gap band
crossing between the valance band and the conduction
band at kx = 0.
The local current operator at any site i is given by
Jˆi = − i
2
∑
j
~δij(tijc
†
i cj − h.c.) (5)
where tij and ~δij are the hopping amplitude and vector
displacement between site i and j respectively. The sum
involving the index j is over the nearest and next nearest
1.0 0.5 0.0 0.5 1.0
2
1
0
1
2
3
4
En
er
gy
 (e
V
)
1.0 0.5 0.0 0.5 1.0
7.5
5.0
2.5
0.0
2.5
5.0
7.5
En
er
gy
 (e
V
)
(a)
(b)
FIG. 3. The energy spectrum of the Haldane nano-ribbon
described by the Hamiltonian in Eq. 4 in (a) the topologically
trivial phase with M = 6 and the Chern number ν = 0, and
(b) the topological phase with M = 0 and ν = −1. The blue
and red lines represent the conduction and the valance band,
respectively. Note that unlike the topologically trivial phase,
the topological phase has a single band crossing at kx = 0.
We have chosen other parameters to be t1 = 1, t2 = 1/3,
φ = pi/3, and N = 20.
neighbour sites to i only. Each site of this ribbon is la-
beled by {m,n, s}, where {m,n} denotes the position of
the site in the 2-D lattice and s is the sub lattice index
(A or B) of that site. The total current flowing along the
strip in the x direction for a particular value of n (where
n labels each horizontal row along the y direction – see
Fig. 2) is obtained from the following relation,
Jxn = 〈Jˆxn〉 =
∑
kx,s
〈Jˆxn,kx,s〉,
where the expectation is taken over the ground state of
the Hamiltonian under equilibrium conditions and over
the dynamically evolved ground state of the system in
case of a quenched system51.
Figure 4 shows the average equilibrium current in the
x−direction plotted against n = 1, . . . , N when the sys-
tem is in ν = 1 phase (M = 0 and φ = pi/3). As ex-
pected, there are two counter propagating channels of
current near the system edges (at n = 1 and N) while
the current in the bulk is zero throughout. Moreover, the
equilibrium current for the topologically trivial gapped
41 5 10 15 20
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FIG. 4. The average equilibrium current along the x-direction
along each row, n = 1, . . . , 20 of the Haldane nano-ribbon (see
Fig. 2) in the topological phase. Two counter propagating
current carrying states appear at the two edges. On the other
hand the current remains zero in the bulk. Here we have
chosen t1 = 1, t2 = 1/3, M = 0, φ = pi/3 and N = 20.
phase with ν = 0 is identically zero throughout the sys-
tem.
III. EDGE CURRENT DYNAMICS
FOLLOWING SUDDEN AND ADIABATIC
QUANTUM QUENCH
In order to investigate the non-equilibrium dynamics
of the edge current of the Haldane model, we consider
quantum quenches between different points (M,φ) of the
phase diagram shown in Fig. 1(d). The values of the
hopping amplitude t1 and t2 are kept fixed, and we look
at the edge current at the N -th edge of the sample. To
start with, at time t = 0, the system is initially in its
ground state with parameter (Mi, φi). At half filling the
initial state of the system occupies the valence band com-
pletely. The system is now driven to a different phase by
either changing a parameter abruptly or through a linear
time dependent sweep from (Mi, φi) to a new set of value
(Mf , φf ). The system then unitarily evolves under the
action of the new Hamiltonian, H(Mf , φf ).
Earlier studies48,49 established that the Chern number
of the initial ground state of the translationally invari-
ant Haldane model remain preserved throughout the post
quench unitary evolution for all possible quenching pro-
tocols. However, the preservation of the bulk topological
invariant (Chern number) is not reflected in the dynam-
ics of the boundary (edge) current. Following a sudden
quench, the edge current was shown to attain a new equi-
librium value close to the ground state expectation value
of the edge current evaluated for the final Hamiltonian.
Motivated by this, we investigate the time evolution of
the edge current for a Haldane model on a nano-ribbon
geometry subjected to a slow quench, a linear time de-
pendent sweep, from one phase to the other. To this
end, we start with the system in the ground state of the
initial Hamiltonian with parameter (Mi, φi). Now the
Semenoff mass M(t) is changed linearly with time over a
given interval, keeping φ fixed, such that the final state
is specified by point (Mf , φf = φi) on the phase diagram
of Fig 1(d). Explicitly, the quench protocol is given by
M(t) = Mi + (Mf −Mi)t/τ , where 1/τ specifies the rate
of the ramp.
Since the problem is analytically intractable, the final
edge current is numerically calculated by taking the ex-
pectation value of the current operator in Eq. 5 along
the x−direction, with respect to the time-evolved initial
state of the system obtained after solving the 2N cou-
pled linear time dependent equations for every value of
kx keeping Mi,Mf , and φ fixed throughout. The time
evolution of the edge current, when we sweep our sys-
tem (L = 20) from non-topological (M = 6, φ = pi/3) to
topological (M = 0, φ = pi/3) phase followed by a uni-
tary evolution, is shown in Fig. 5. Here the edge current
is shown for the n = 20 edge, and the current at the op-
posite edge (n = 1) is of the same magnitude but flows
in opposite direction. For the particular case of τ → 0,
we are in the sudden quench regime and for τ →∞, the
quench is adiabatic.
A. Sudden quench limit
In both panels of Fig. 5, initially the system is in a
non-topological phase and consequently the edge current
always starts from its equilibrium value of zero. For the
case of sudden quench, τ = 0, the system remains ‘frozen’
in the initial state, i.e., the ground state of the system in
the non-topological phase, and thus the current following
a sudden quench is therefore zero. Nonetheless, Fig. 5
(a) shows a small but finite value of the current post
quench, owing to the finiteness of τ . In the case of finite
but small τ , the system gets excited to higher energy
states of the system as well, all of which eventually do
a free evolution with the final Hamiltonian. Thus the
edge current is primarily governed by the overlap between
the initial ground state and the eigenstates of the final
Hamiltonian, see Fig. 5(a). The oscillations in the edge
current in Fig. 5(a) are the finite size based resurgent
oscillations48.
B. Adiabatic quench
The opposite limit of the adiabatic quench, can be un-
derstood by employing the Landau-Zener argument for
two mid-gap states. For no diabatic transitions (mixing
of energy levels) we have τ  1/∆2, where ∆ is the equi-
librium gap in the spectrum for the first excited state.
Now since the energy gap in our system scales inversely
with L, we have τ > L2 for an adiabatic evolution of the
system - in which the system state follows the instanta-
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FIG. 5. Dynamics of the edge current from the non-
topological phase (M = 6, φ = pi/3) to the topological phase
(M = 0, φ = pi/3) following two different quenching protocols.
(a) Sudden quench, when the rate of quenching is so small
that the system should ideally remain in the ground state of
the initial Hamiltonian and should have no current. How-
ever, the finiteness of τ leads to some excited states, which
give a finite contribution to the current. (b) A linear slow
quench (i.e., τ large) from the trivial phase to the topologi-
cal. The system maintains the instantaneous ground state of
the time evolved Hamiltonian, at each instant of time, and
post quench it reaches the actual ground state current of the
final Hamiltonian.
neous ground state of the time evolved Hamiltonian at
all times. Thus for a system size of L = 20, the adiabatic
limit is achieved for a value of τ > 400. Consequently, in
Fig. 5(b), we see that the current reaches a finite value
infinitesimally close to the equilibrium current of the final
Hamiltonian with M = Mf and φ = φf , as expected.
IV. EDGE CURRENT DYNAMICS
FOLLOWING A FINITE TIME LINEAR
QUENCH PROTOCOL
Following the brief discussion of the sudden and the
adiabatic quench case, we now turn our attention to the
more interesting case of the dynamics during the inter-
mediate times between the extreme sudden and the slow
limits. To be specific, we drive the system from the non-
topological (M = 6) to the topological (M = 0) phase
keeping φ = pi/3 fixed, with different τ (varying from
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FIG. 6. (a) The variation of post quench current for a linear
sweep from a non-topological to a topological phase with dif-
ferent quenching rates τ . Here φ = pi/3, t1 = 1, and t2 = 1/3
are held fixed while the Semenoff mass M is varied in time to
quench to different phases. The curve shows a generation of
excess current for smaller values of τ which reaches a minima
at τc = 2.2, following which it increases again to reach the
equilibrium current value for the final Hamiltonian for large
τ . (b) The zoomed version of the τ ∈ (0, 20) region of panel
(a), with the intra (green) and inter (blue) band contributions
[see Eq. (6)] shown separately. Clearly excited states play a
significant role, since the current is dominated by the inter
band contribution.
0.0001− 500) and calculate the current at the N -th edge
for tf = τ , just as the quenching stops. Naively we can
expect the ramp up of the edge current from zero for
τ → 0 to the finial equilibrium value for τ  L2 to be
monotonic. However it turns out that this is not the case.
The variation of the post quench current as a function
of τ is shown in Fig. 6(a). To start with in the topo-
logically trivial phase, for τ = 0 the current is zero as
expected. On the other hand for τ = 400 (≈ L2 with
L = 20), i.e., in the slow quench regime, the system al-
ways follows the instantaneous ground state of the time
evolved Hamiltonian, and eventually reaches the ground
state of the topological phase with M = 0 and φ = pi/3.
Thus the edge current (calculated at t = τ) also reaches
60
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FIG. 7. The spatial n (see Fig. 2) and the kx resolved current
in the (a) topological phase and (b) the non-topological phase.
The size of the dot represents the amount of current at that
point and the color denotes the sign of the current (blue is for
negative and red is for positive). The existence of finite edge
current in the topological phase [panel (a)] and no current in
the non-topological phase [panel (b)] is evident.
its equilibrium value in the topological phase, for large
τ ∼ L2. Interestingly, the evolution of the edge current
with τ , is not monotonic. Starting from zero edge cur-
rent in the sudden quench regime, the edge current first
decreases till a critical value of τ = τc, and then increases
again with increasing τ to finally reach its adiabatic limit
equilibrium value. For the particular linear quench pro-
tocol with Mi = 6,Mf = 0, φ = pi/3 shown in Fig. 6
(a)-(b), we find that τc = 2.2. Remarkably, the absolute
value of the current at τ = τc is significantly larger than
the absolute value of the edge current as τ →∞.
The current operator can also be written as a sum of
two parts, the interband and intranband current in terms
of the eigenstates of the initial Hamiltonian. We have
〈Jxn〉 =
∑
r〈Jxn〉r, where r simply denotes the index of
the occupied bands, and
〈Jˆnx〉r =
∑
kx
〈ψkxr (0)|U†kx(t)Jˆxn,kxUkx(t)|ψkxr (0)〉,
=
∑
p
∑
kx
〈ψkxr (t)|ekxp 〉〈ekxp |Jˆxn,kx |ekxp 〉〈ekxp |ψkxr (t)〉
+
∑
p,q 6=p
∑
kx
〈ψkxr (t)|ekxp 〉〈ekxp |Jˆxn,kx |ekxq 〉〈ekxq |ψkxr (t)〉
=
∑
p=q
∑
kx
|〈ψkxr (t)|ekxp 〉|2〈Jˆxn,kx〉intrap
+
∑
p,q 6=p
∑
kx
〈ψkxr (t)|ekxp 〉〈ekxq |ψkxr (t)〉〈Jˆxn,kx〉interpq (6)
Here, |ep〉 and |eq〉 are the eigenstates of the initial Hamil-
tonian, and two parts of Eq. (6) represent the intraband
and interband contribution to the total current, respec-
tively. As shown in Fig. 6(b), the dominant contribu-
tion to the edge current comes from the interband contri-
bution, with the intraband contribution being relatively
small.
A. Edge current reversal
To understand the reversal in the direction of the edge
current, as opposed to a monotonic rise from zero with
increasing τ , let us focus on the small time behaviour of
the time evolution operator: i∂tU(t) = H(t)U(t). For an
infinitesimal increment of δt/2 in time, we have
U
(
δt
2
)
= U(0)− iH(0)U(0)δt
2
. (7)
Propagating to another increment of δt/2 interval,
U(δt) = U
(
δt
2
)
− iH
(
δt
2
)
U
(
δt
2
)
δt
2
. (8)
Since we are looking at small τ limit in vicinity of the
sudden quench, we set τ = δt - the point at which the
final current has to be calculated. Thus we have
H
(
δt
2
)
= H(0) + V
(
δt
2
)
, (9)
with H(0) = H(Mi), and
V
(
δt
2
)
=
(Mi −Mf )
τ
δt
2
Σz (10)
where we have defined,
Σz =

1 0 0 0 · · ·
0 −1 0 0 · · ·
0 0 1 0 · · ·
0 0 0 −1 · · ·
...
...
...
...
. . .
 . (11)
Using Eq. 7 and Eq. 9 in Eq. 8, and restricting upto linear
order in δt, a simplified form of the unitary operator can
be obtained and it is given by
U(δt) = 1 − i
[
H(Mi)− Mi −Mf
4
Σz
]
δt. (12)
Now, the time evolved state under this unitary operator
is given by
|ψp,k(δt)〉 = U(δt)|ψp,k(0)〉 , (13)
where p denotes the band index and k = kx. Finally, the
expectation value of the edge current, to lowest order in
δt, is given by
Jx(δt) =
∑
p,k
〈ψp,k(δt)|Jˆxk |ψp,k(δt)〉
=
∑
p,k
〈ψp,k(0)|Jˆxk |ψp,k(0)〉+ i
(
Mi −Mf
4
)
δt
×
∑
p,k
〈ψp,k(0)|[Jˆxk ,Σz]|ψp,k(0)〉 . (14)
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FIG. 8. (a) The spatial n and kx resolved contribution of
the dynamical part, arising from the second term in Eq. (14)
for small τ values. The unidirectional negative contribution
in both the edges, leads to the huge initial dip in current
at both the edges as shown in (a). The size of the dot in
(a) is proportional to the magnitude of the current. Here
all the parameters are identical to that in Fig. 6. (b) The
variation of post quench current (calculated at t = τ) with
different quenching rate τ at the two edges of the system.
Starting from the τ = 0 scenario of zero current, the current
eventually goes to the respective equilibrium value for both
the edges at large τ , though for small τ both edges show a
large dip in current and have different values of the turning
point τc (highlighted in the inset). The solid vertical line
indicates the value of τ after which the current on the two
edges propagate in opposite directions.
Here the first term is simply the initial equilibrium
current which is zero for a starting point in the non-
topological phase. In Eq. (14), the second term brings in
the effect of the time evolution for small δt = τ .
To understand the small time limit better, we show the
spatially resolved current in the final topological phase,
and the initial trivial phase in panels (a) and (b), of
Fig. 7, respectively. Evidently in panel (a), there is only
an edge current propagating in opposite directions on
the two edges in the topological phase, while there is ab-
solutely no current to start with in the non-topological
phase. The impact of the second term in Eq. (14), is
shown in panel (a) of Fig. 8. Clearly the second term
in Eq. (14), forces a large unidirectional negative current
in both the edges of the Haldane nano-ribbon at very
small τ . This leads to the non-monotonic behaviour of
the τ dependent current, since the large negative cur-
rent in both edges of Haldane nano-ribbon generated for
very small small τ , has to eventually relax to the respec-
tive equilibrium values (equal in magnitude and opposite
in direction) for both the edges at large τ , as shown in
Fig. 8(b).
One of the most interesting fact is that there is a finite
value of τ = τa [approximately τa ' 42 in Fig. 8(b)] such
that for τ < τa the current in both the edges is in the
same direction and precisely at τ = τa, current in one of
the edges (that carries a positive current in the equilib-
rium situation) vanishes. This may imply a “dynamical
localization” of the current generated for t < τa during
the ramping. On the contrary, when τ exceeds τa, the
edge current reverses sign for one of the edges implying
that the adiabatic effect starts dominating for τ > τa.
While the origin of the non-monotonic behaviour of the
edge current in the Haldane nano ribbon is now clear,
the nature of τc and its dependence on various system
parameters is still unknown. It turns out that τc does
not depend on the system size at all [see Fig. 9(a)], and
is sensitive only to changes in the parameters deciding
the topology of the phase, i.e., M [see Fig. 9(b)], and φ
[see Fig. 9(c)]. It is also different for the current on the
two edges as shown in the inset of Fig. 8(b).
V. CONCLUSION
To summarize, we have investigated the non-
equilibrium dynamics of the edge current of the semi-
open Haldane model, subjected to a time dependent lin-
ear quench from the non-topological phase to the topo-
logical phase. In the sudden quench limit, the system
retains its original ground state even for a quench across
the phase boundary, and consequently the edge current
just retains its initial value dictated by the starting phase.
In case the starting point is in the non-topological phase,
the edge current remains zero at all times for a sudden
quench. In the opposite limit of slow quench (adiabatic
limit), at each moment the system relaxes to the instan-
tenious ground state of the time dependent Hamiltonian
through out the quenching path, yielding a final edge
current dictated only by the ground state current of the
final Hamiltonian.
Interestingly, we find that with increasing τ , the
change in the current from the initial phase current for
τ → 0, to the final phase current for τ →∞ is not mono-
tonic. In the small τ limit, there is a large unidirectional
current generated on both the edges of the Haldane nano
ribbon. This causes the initial current to change dras-
tically, and then with increasing τ the current on both
edges relaxes to their final equilibrium value, which are
equal in magnitude but opposite in direction. This leads
to a non-monotonic behavior of the edge current with τ .
We find that the turning point for the non monotonic
8(a) (b) (c)
FIG. 9. The dependence of τc on various system parameters. (a) τc is independent of the width of the Haldane nano-ribbon.
However τc seems to depend on the parameters which determine the topological phase of the system i.e., on (b) the Semenoff
mass M and (c) the Haldane flux φ.
.
edge current, τc, is different for the two edges, does not
depend on the system size, and is sensitive only to the
Semenoff mass M , and the Haldane flux φ. Furthermore,
we also establish the existence of another time scale τa
such that for τ > τa, the adiabatic effect starts domi-
nating. While most of our discussion is specifically for
the Haldane model on a nano-ribbon, we expect simi-
lar physics to play out in other systems with topological
phases and the associated edge state as well.
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